We establish a correspondence between perturbative classical gluon and gravitational radiation emitted by spinning sources, to linear order in spin. This is an extension of the non-spinning classical perturbative double copy and uses the same color-to-kinematic replacements. The gravitational theory has a scalar (dilaton) and a 2-form field (the Kalb-Ramon axion) in addition to the graviton. In arXiv:1712.09250, we computed axion radiation in the gravitational theory to show that the correspondence fixes its action. Here, we present complete details of the gravitational computation. In particular, we also calculate the graviton and dilaton amplitudes in this theory and find that they precisely match with the predictions of the double copy. This constitutes a non-trivial check of the classical double copy correspondence, and brings us closer to the goal of simplifying the calculation of gravitational wave observables for astrophysically relevant sources.
I. INTRODUCTION
Einstein's theory of General Relativity, one of the most beautiful triumphs of modern physics, describes classical gravity to the best of our knowledge. However, the computational effort required to solve Einstein's equations, even perturbatively, is significant. On the other hand, in recent years, we have seen a series of remarkable developments in the study of perturbative scattering amplitudes in quantum field theory with both theoretical and practical significance. One could ask whether these methods are useful for the problem of obtaining solutions of classical gravity.
A recent promising approach in this direction relies on an idea first discovered in the context of quantum scattering amplitudes in gauge and gravity theories by Bern, Carrasco and Johansson (BCJ) [1] [2] [3] . Numerators of gauge theory Feynman diagrams factorize into color factors (arising from the gauge group) and kinematic factors (made up of velocities, polarizations, etc). Simply put, the BCJ prescription is to write the gauge theory amplitude in a certain form and replace every color factor with its kinematic factor counterpart. This procedure then gives the corresponding gravity amplitude. This BCJ double copy was, in turn, motivated by the closed string-open string amplitude relations due to Kawai, Lewellen and Tye (KLT) [4] . KLT showed that the integrands of closed tree-level string amplitudes factorize into open string ones. In the field theory limit, these express gravity tree amplitudes as a product of two corresponding gauge theory tree amplitudes. The BCJ double copy includes the field theory limit of the KLT relations as a special case. It has been proven for all tree-level scattering amplitudes [3] and there is increasing evidence at the loop level in various settings [5] . See [6] for a recent review.
The question of whether the double copy extends to classical solutions in gauge theory and General Relativity was first raised in [7] . Their method of obtaining solutions of General Relativity in the Kerr-Schild gauge was extended and studied in more detail in [8] [9] [10] . The BCJ double copy allows for the calculation of precision observables in gravity that were previously not amenable to a direct computation, by replacing such a calculation with the analogous gauge theory computation. Can such an idea be used to simplify the perturbative expansion of the equations of General Relativity and reduce the computational effort required for gravitational wave calculations? 1 Goldberger and Ridgway probed this question [14] by starting with a system of well-separated point color charges coupled to the Yang-Mills field. They calculated the Yang-Mills radiation that the sources generate, by self-consistently solving the equations of motion for the sources and the field perturbatively. Remarkably, they found that a set of simple color-to-kinematic replacements produces gravitational radiation emitted by an analogous system of point masses. It was shown in [15] that these color-to-kinematic replacement rules can also be used to generate Yang-Mills radiation from scalar radiation, thereby completing a two-fold classical double copy for leading order radiation. This classical perturbative double copy was extended to radiation from sources in time-dependent orbits in [16] , such as the bound orbits relevant for gravitational wave detection [17] . Ref. [20] showed that Einstein-Yang Mills radiation can be obtained from Yang-Mills scalar radiation. Another approach to generate space times perturbatively, that is inspired by the double copy, can be found in [18] .
In this paper, we complete the extension of the perturbative classical double copy to the case of radiation from spinning sources started in [19] . Our goal is to compute the gravitational radiation emitted from a system of spinning sources moving on general time-dependent trajectories, that satisfy the equations of motion, in d dimensions. The motion of extended objects under a gravitational field has been approached through a variety of ways [21] [22] [23] [24] [25] . The formalism we use to describe spinning objects is detailed in the appendices of [19] , and is equivalent to the one used in [12, 26] , in the context of effective field theories for extended gravitational sources.
Instead of attempting to solve the Einstein's equations with spinning sources, we look to utilize the classical double copy [14] . To this end, we consider, instead, a system of point colored charges, with color variable c a (τ ) [27] , that couple to the Yang-Mills field.
2 Each point charge possesses a spin angular momentum S µν (τ ) which couples to the Yang-Mills field via a chromomagnetic spin dipole coupling
with coupling strength κ, and τ the worldline coordinate. We let the particles evolve self-consistently under their equations of motion and compute, to linear order in spin, the amplitude of Yang-Mills radiation A µ a (k) that they generate. We then employ the simple color-to-kinematics substitutions [14, 16] to get a double copy radiation amplitude
Consistency of the double copy amplitude A µν (k) with gravitational Ward identities sets the chromomagnetic dipole coupling strength κ for each particle to be the same constant κ = −1. The double copy amplitude A µν (k) can, in general, be decomposed into its antisymmetric, symmetric-traceless and trace components. The corresponding radiation fields are also expected by decomposing products of vector irreducible representations of the massless little group
where φ is a scalar (dilaton), h µν the graviton, and B µν the Kalb-Ramond axion [28] .
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In the case of non-spinning sources, the double copied field is symmetric, thereby implying the field content of the gravitational theory to be (h µν , φ) . This can be understood by noting that one cannot write down a linear interaction of non-spinning particles with the axion field. Alternately, in this case, gravitational radiation can be seen as arising as a two-fold double copy of the bi-adjoint scalar radiation [15] . The latter theory enjoys a G ×G global symmetry and is invariant under exchange of these two groups. The color-kinematic substitution rules, that take an adjoint index of each group to a Lorentz index, treat both adjoint indices corresponding to these two groups symmetrically. Hence, the resulting gravitational radiation is symmetric under exchange of the Lorentz indices. The action of the gravitational theory was shown to be [14] 
For spinning sources, we expect the field content of the gravitational theory to be (h µν , B µν , φ). Decomposing the double copy amplitude lands us at graviton, dilaton, and axion radiation in this theory. We write down the most general action with two derivatives using diffeomorphism invariance and 2-form gauge invariance. Consistency with the double copy fixes the action to be
where H µνσ = (dB) µνσ is the field strength of the 2-form. This action also describes the BCJ double copy of pure gluons [3] (see also [18] ) and appears in the low energy effective action of oriented closed strings. Compared to the non-spinning case, the spinning sources have an additional interaction, namely that with the axion field given by
We note that this action differs from the one in [19] as the "string frame" metricg µν = g µν e 2φ was used to define spin there, as opposed to the ordinary metric g µν used in this paper (for more details, refer to Sec. IV).
The rest of the paper is organised as follows. In section II, we review the computation of classical gluon radiation from a system of several spinning sources to leading order in spin that was obtained in [19] . We obtain the double copy of this radiation amplitude in section III and decompose it into radiation in graviton, dilaton and axion channels. In section IV, we calculate the corresponding radiation amplitudes emitted by a collection of several spinning masses in the gravitational theory given by Eqs. (6, 7) . We discuss our results and further questions raised in section V.
II. YANG-MILLS RADIATION
We begin by reviewing the calculation of Yang-Mills radiation emitted by a classical system of several spinning colored particles in d dimensions, presented in [19] . For each particle, with worldline coordinate s, the degrees of freedom are a worldline trajectory x µ (s), a spin angular momentum S µν (s), and a color charge c a (s) [27] transforming in the adjoint representation of the gauge group G. We first present some details of the spinning formalism of [19] , that are needed to describe the interactions of such a system with a gauge field. 4 In order to describe the spin degree of freedom, we endow each worldline with an orthonormal reference frame e I µ (s) [24] . The spin S IJ (s) is then introduced as the variable conjugate to the angular velocity
whereas the momentum p I (s) is conjugate to x I (s). In d dimensions, the number of spatial rotational degrees of freedom is
. Hence, we need to impose a constraint on the spin angular momentum to get this physical number of degrees of freedom. Following [24, 29] , this can be done in a number of different ways. We choose to impose the constraint that the spin is transverse to the momentum,
We also introduce an einbein e that enforces worldline reparametrization invariance (e(s)ds is invariant under s → s (s)), and a Lagrange multiplier λ I that enforces the spin constraint above. Each particle is described by the action
where the first line has all the terms that describe a free particle, and the second line contains the interaction terms of the particle with the gauge field. Here, g s is the Yang-Mills coupling constant, and κ is the spin dipole coupling constant. This action, together with the usual Yang-Mills action in the bulk, constitutes the complete action for the system of particles interacting with a gauge field. The resulting equations of motion are the following. Varying the action with respect to the gauge field, we have the usual Yang-Mills field equations
with the color current generated by the particles given by
Here, the sum runs over all the particles, indexed by α. Imposing current conservation covariantly, D µ J µ a = 0, gives the equation of motion in color space,
4 We use the conventions
The energy momentum tensor for a single spinning particle comes out to be
where the brackets () indicate symmetrization of the corresponding indices. The integral of the divergence of conserved currents with arbitrary support X should vanish on-shell
= 0. This leads to the equations of motion for the momentum and the spin,
The motion of the particles is thus described by the system of equations Eqs. (13, 15, 16) , subject to the constraint Eq. (9) . Alternately, these equations of motion can also be obtained by varying the action with respect to (x µ , e 
we can solve for the velocity v µ ≡ẋ µ in terms of the other variables. In the following, we use reparametrization freedom to choose e α such that s α = τ α , the proper time for each particle, whereby p 
defining the source currentJ µ a (x), which includes contributions from both the point sources as well as the field configuration. It is conserved, ∂ µJ µ a (x) = 0, and related to observables measured at null infinity. The specific relation between the radiation field at null infinity, and the source current in momentum spaceJ
with k µ = (ω, k) = ω(1, x/r). In any dimensions, the total energy-momentum radiated out to infinity in polarization channel r is given by
with a r,µ (k) being gluon polarization vectors. These are normalized as * a
r (k) = −δ ab δ rr , and satisfy the gauge condition k · a r (k) = 0. (The polarization indices do not play any role in our calculations, so they will be suppressed from now on). Suitable integrals of the momentum space source currentJ µ a (k) thus produce physical observables at null infinity. Hence, in what follows, our object of interest isJ µ a (k). We compute it perturbatively in the Yang-Mills coupling constant, 5 and to linear order in spin, by consistently solving the system of equations for the particles and the field.
In the following, we employ the same notation as in [19] , to denote contractions of the spin angular momentum with any Lorentz vectors k and p. We also use O(. . .) notation to denote contributions at a particular order. The leading order current can be seen as the contributions of the Feynman diagrams in Figs. 1(a) and (b) to lowest order in the coupling constant. Following the results in [16] , we can work with particles travelling along general time-dependent (possibly bound) orbits, say
In the following, we drop the explicit dependence on τ , so that, for example,
Then to all orders in perturbation, the contribution from the sum of these diagrams can be written as
At leading order, this gives rise to the field
This lowest order field then induces corrections in color, position, momentum, and spin of the particles which causes the particle to radiate at the next order in perturbation. The first contribution to radiation comes from gluons emitted directly by the particles. This is the O(g 2 s ) contribution to Eq. (23), given bỹ
where the first line corresponds to inserting the spin-dependent solutions [19] while the second line corresponds to inserting spin-independent solutions [14] . These substitutions give
where we have introduced an integration measure over worldline parameters and momenta given by
At this order O(g 2 s ) in perturbation, there are two contributions from diagrams without deflections in the particle trajectories. The first of these is from Fig. 1(c) ,
The second of the zero deflection contributions is from the diagram with the triple vertex in Fig. 1(d) ,
We can write down the total expression for the leading order radiation (as written in [19] ) coming from spinning particles in general orbits consistent with the equations of motion. The result is a sum of two color structures
with
and
It is easy to check that this result satisfies the Ward identity k µJ µ a (k) = 0 even off-shell.
III. DOUBLE COPY
As in the spinless case [14, 16] , we transform the Yang-Mills radiation by the following set of color-kinematic substitution rules
where Γ µνρ (−k, α , β ) is the kinematic part of the 3-point gluon vertex Feynman rule, defined as
We also identify the respective coupling constants
In the non-spinning case, the momenta remained unchanged under the double copy p
Similarly, in the spinning case, we use the substitution S µν α (τ ) → S µν α (τ ). We use the above substitution rules to transform the Yang-
, and obtain the double copy radiation amplitude A µν (k), with k 2 = 0, as * a
where the on-shell gluon polarization * a µ (k) has been formally replaced by a product of on-shell independent polarizations * µ (k)˜ * ν (k). Thus, the double copy amplitude A µν (k) is defined up to terms that vanish when dotted into these polarization vectors. Explicitly, it is given by
where A µ adj and A µ s are given in Eqs. (32), (33) respectively. We see that k µJ µ (k) = 0 automatically guarantees k µ A µν (k) = 0 because the color-kinematic substitution rules do not affect this Lorentz index. For A µν (k) to define the radiation amplitudes consistently in a gravitational theory, we also need it to satisfy the Ward identity in the second Lorentz index k ν A µν (k) = 0. Unlike the non-spinning case, this now imposes an extra constraint on the Yang-Mills theory [19] , namely that
Thus, while the Yang-Mills theory is consistent for any value of the chromomagnetic coupling constant κ α , we find that the double copy procedure only works when all the particles couple to the gauge field with this special value of the coupling constant. As was noted in [19] , in d = 4, this value corresponds to the so-called natural value [30, 31] of the gyromagnetic ratio g = 2. For this special value of the coupling constant, we can write the double copy amplitude as
where we have used the gauge freedom to add a term proportional to k µ , so that, on shell, the double copy satisfies the Ward identity in both indices. We can use the double copy to obtain radiation amplitudes in various channels, by decomposing the product of polarizations in Eq. (37) into irreducible representations of the massless little group
where µν ≡ is the projector onto the (d − 2) dimensional space spanned by the polarization vectors orthogonal to both the external momentum k, and an arbitrary reference vector q, satisfying q 2 = 0. In the non-spinning case, it was shown, by an explicit computation, that the double copy produces non-vanishing radiation amplitudes in the dilaton and graviton channels of a gravitational theory whose action is S = S g + S pp , with
In d = 4, for example, this means that the radiation fields at null infinity calculated in this dilaton gravity theory, can be reproduced with the double copy, by writing
Here n = k/| k|, and ω = k 0 is the frequency of radiation (in d = 4, G N = 1/32πm 2 P l ). As discussed in the introduction, we expect the double copy amplitude to also have a non-vanishing antisymmetric component. This corresponds to the Kalb-Ramond axion B µν (x) in the gravitational theory. Hence, our purported gravitational theory has the field content (h µν , B µν , φ). We now write down the radiation amplitudes in this theory, as predicted by the double copy.
The axion amplitude is defined to beÂ
2-form gauge invariance implies that the polarization tensor is defined up to gauge transformations
for an arbitrary gauge parameter ζ ν (k). The double copy predicts the axion radiation amplitude to beÂ
We define the dilaton amplitude to beÂ
the double copy prediction for which iŝ
Finally, the graviton amplitude is given byÂ
where the polarization tensor µν (k) is defined up to gauge transformations µν (k) → µν (k) + k µ ζ ν (k) + k ν ζ µ (k) for an arbitrary gauge parameter ζ ν (k). This predicts the total graviton amplitude to bê
IV. THE GRAVITATIONAL THEORY
In this section, we calculate the amplitudes for dilaton, graviton and axion radiation emitted by a set of spinning sources coupled to gravity. We note that the color-kinematic substitution only contributes to additional powers of momenta in the numerators so it can only improve the analyticity of the amplitude. Hence, we expect the resulting gravitational theory to be local. The most general action in the bulk, up to two derivatives, with field content (h µν , B µν , φ) that preserves the symmetries, namely diffeomorphism invariance and 2-form gauge invariance, is
where H µνσ = (dB) µνσ is the field strength corresponding to the 2-form field and f (φ) = 1 + f (0)φ + · · · . Next, we move to the point particle action. We calculate Yang-Mills radiation to linear order in spin, whereas, on the gravitational side, it is easy to see that the leading order interaction of gravitons with the spin is second order in spin. However, the double copy predicts a non-vanishing axion amplitude linear in spin. This suggests that the corresponding gravity theory has a linear interaction of the spin with the 2-form field. In [19] , we wrote this unique leading order interaction term as
for an arbitrary functionκ(φ) =κ+κ φ+· · · . We usedS µν = S . The double copied field does not have any free parameters. This means that consistency with the double copy should fix all the unknown parameters on the gravitational side. Indeed, comparing the axion radiation amplitude in this theory to the double copy prediction, these parameters were fixed to be [19] 
The bulk action is then given by
In this paper, we define the spin via S µν = S IJ e µ I e ν J , where the vielbeins e I µ are defined with respect to the ordinary metric, η IJ e I µ e J ν = g µν . Then, the complete worldline action for a single particle is
Here, the angular velocity is defined with a covariant derivative, Ω IJ = g µν e Note that though the unknown dilaton dependent functions in the action above have been written as exponentials, our computation only really fixes these functions to linear order in the dilaton. We expect the complete bulk action to be given by Eq. (55) as it describes the BCJ double copy of pure Yang-Mills [34] . It also arises as the leading low energy effective theory of the common sector of oriented string theories [32, 33] .
In the next subsection, we find the equations of motion for the system of fields and particles. We work with the ordinary metric and later, fix the worldline parameter s to be the proper time per unit mass, s = τ . This ensures that we get the non-spinning action and equations of motion in [14] when the spin is set to zero and particle masses are restored. To get the relevant results in [19] , we only need to switch back to the conformally rescaled metric g µν = g µν e 2φ and reparametrize the worldline coordinate to be the conformal proper time per unit mass, s =τ e −φ . Of course, worldline reparametrization invariance ensures the invariance of the total amplitude. In subsection IV B, we work out the leading order fields and the changes they induce in the momenta, color and spin of the particles. We use these field values and particle deflections to calculate the leading order axion, graviton, and dilaton radiation in subsections IV C, IV D, and IV E respectively.
A. Equations of motion and solutions
The equation of motion for the dilaton is
where we have defined the source term on the RHS to be
We also derive the equation of motion of the axion to be
whose source term is defined to be
We now find the equations of motion for the particles using the same method as in [19] . First, we write down the energy-momentum tensor for the point particles as
where the first line is the result for dilaton gravity, and the second line includes the contribution of the axion. We can also write down the contributions to the energy-momentum tensor from the axion and the dilaton, respectively, as
Using the equations of motion for the axion and the dilaton, we see that
Now, we obtain the particle equations of motion by integrating ∇ µ (T 
Since the vector X µ (x) is arbitrary, we can equate the coefficients of X µ (x) and ∇ µ X ν to zero, to get the exact equations for spin and momentum, 
We rewrite the dilaton equation of motion Eq. (57) as
where ≡ η µν ∂ µ ∂ ν , and we have definedJ(x) to include axion and graviton contributions from the LHS of Eq. (57). With the dilaton propagator
we can formally write the solution as
thereby defining a canonically normalized dilaton radiation amplitude A s (k) = − 1 2m
(k) for on shell momentum k 2 = 0. Choosing the gauge ∂ µ B µν = 0, we rewrite the equation of motion for the axion, Eq. (59) as
The gauge condition ensures that the classical axion currentJ µν (x), so defined, satisfies the conservation equation ∂ µJ µν (x) = 0. In this gauge, the propagator for the axion field is
Then, the formal solution to Eq. (72) is
which defines an axion radiation amplitude
Finally, we get to the gravitational field. We expand the metric perturbatively about flat space g µν = η µν + h µν . We choose the de-Donder gauge
, in which we have the propagator
and the solution for h µν (x) can be written formally as
Here,T µν (k) is the energy-momentum pseudo tensor that includes contributions from the sources as well as all the fields. It is (non-covariantly) conserved, ∂ µT µν = 0, and coordinate dependent, hence non-unique. However, quantities such as energy-momentum or angular momentum can be defined as suitable integrals ofT µν over spacetime. As in [11] , we compute the background field gauge effective action [35] , expressed as
so that the energy-momentum pseudotensor is related to the coefficient of the graviton 1-point function. It is also directly related to the graviton amplitude by
Observables at infinity are obtained in a manner similar to Eq. (20) by replacing the gluon source current and polarization vectors with the corresponding gravity ones. Hence, in the following, we solve for these sourcesT µν (k), J µν (k), andJ(k), in a perturbative expansion in powers of η, defined in Eq. (36), and to linear order in spin.
B. Leading order results
We now find the leading order solutions to the fields and the particle equations of motion. At leading order in perturbation, the axion field only gets a contribution from Fig. 2(a) 
for general time-dependent dynamical variables p µ α and S µν α that satisfy the equations of motion. The leading order metric perturbation contains a spinning and a non-spinning contribution sourced by Fig. 2(a) and (b) respectively. Their sum is given by
The leading order dilaton solution has no spin dependent contribution, so it is the same as in the non-spinning case [14] ,
Next, we calculate the corrections in spin and momentum that these leading order fields induce. First, let us write the equations of motion for the particle up to linear order in spin,
Inserting the leading order fields into the above equations give the leading order changes in momenta and spin. First, for the momenta, we have
From this, we have the position equations of motion
Similarly, the spin equation of motion is given by 
C. Axion radiation
The leading order radiation has contributions from Figs. 2(a)-(d) . The contribution from Fig. 2(a) is due to deflections in the position and spin of the particles, induced by the leading order fields. It is given bỹ
Substituting the corresponding changes in spin and momenta derived in the previous subsection gives
The other contributions to the axion amplitude, at this order in perturbation, come from diagrams with no deflections in the trajectories of the particles. Fig. 2(b) , with an intermediate dilaton, corresponds tõ
The two 3-point vertex diagrams in Figs. 2(c),(d) contributẽ
We notice that the Yang-Mills amplitude has no explicit dependence on the space-time dimension, whereas some of the contributions to the axion amplitude above do. This means that terms involving the dimension of space-time should cancel with each other, giving the total axion amplitude
Each diagram satisfies the Ward identity k µJ µν (k) = 0 and so does the total amplitude. The total amplitude is in agreement with the calculation in string frame metric, presented in [19] . We find this matches the double copy result Eq. (47).
D. Graviton radiation
Similarly, at the next to leading order in perturbation, the energy momentum pseudotensor receives contributions from Fig. 3(a)-(d) . The contribution from Figs. 3(a) and (b) come from deflections to the particle spin and trajectory due to the leading order fields. This comes out to bẽ 
E. Dilaton radiation
In this subsection, we calculate the leading order dilaton radiation amplitude. Fig. 4(a) gives contributions to the dilaton amplitude from trajectory deflections,
Substituting the solutions to equations of motion in the above gives
The other two contributions are calculated at zero deflections in the particle trajectories. Fig. 4(b) involving an intermediate graviton contributes
Finally, we have Fig. 4(c) involving the 3-point graviton-dilaton vertex in the bulk, contributing
The total dilaton amplitude is
as predicted by the double copy Eq. (49).
V. DISCUSSIONS AND CONCLUSIONS
Lessons learnt from the study of scattering amplitudes in quantum field theory and string theory are proving useful in the study of classical gravity. Some examples of this are the use of on-shell methods [37, 38] , leading singularities [39] and soft theorems [40] . In this paper, we continued exploring the idea of using the BCJ double copy to obtain perturbative classical gravitational radiation [14] . Specifically, we have established a complete correspondence between perturbative classical Yang-Mills and gravitational radiation, emitted by spinning sources, up to linear order in spin. Consistency with the double copy fixes the couplings of the spinning sources to the Yang-Mills field. The double copied field is decomposed into its antisymmetric, symmetric-traceless and trace components. These are the predictions of the double copy for the axion, graviton and dilaton radiation fields emitted by spinning sources in a gravitational theory. The double copy also fixes the gravitational action in the bulk to be the same as the low energy effective action of oriented closed strings Eq. (6) and predicts a linear interaction of the spins with the axion Eq. (7). We explicitly calculated the graviton, dilaton and axion radiation amplitudes in this theory (see [41] for analogous pure gravity results), to linear order in spin, and showed that they are exactly as predicted from the double copy.
By including spin as a dynamical degree of freedom for our sources, we have brought the classical double copy closer to being useful for the computation of gravitational radiation from astrophysically relevant sources. Our calculation can be used to generate gravitational radiation from sources along arbitrary trajectories. Hence they can be used to compute gravitational scattering as well as radiation from objects in bound orbits. However, the gravitational radiation so obtained is in a theory which includes the dilaton and the axion in addition to the graviton. In order to arrive at the corresponding results in pure gravity, we need a systematic method that cancels out the effect of these extra degrees of freedom. For spinless sources, Ref. [42] proposed a way of removing the contribution of the dilaton at leading order in perturbation, by adding an appropriate ghost scalar to the Yang-Mills side, in a manner similar to [43] . Once we find a method of obtaining pure gravity results, it would be useful to write down an effective theory for the Yang-Mills sources, that upon double copying, directly reproduces the effective field theory in [11, 12] which treats the binary inspiral problem in a Post-Newtonian expansion.
For d = 4, the leading order metric sourced by a single, static particle at the origin, with angular momentum J about the z-axis, has a spin dependent piece given by h tφ O(J 1 ) = − 2G N J sin 2 θ r . We recall that the non-spinning part of the metric at this order in perturbation matches with the Schwarzschild solution [14] . At leading order in perturbation, there are no contributions from the dilaton or the axion to the metric. Hence, as expected, we find that the static, single particle limit of the metric matches that of the Kerr blackhole at this order. This indicates, that the gravitational solutions are spinning blackholes, albeit with dilatonic and axionic hair. It would be very interesting to see if there they are related to blackhole solutions in string theory.
In order to be relevant for gravitational wave detectors, the double copy correspondence needs to be extended to higher orders, both in the coupling strength and in spin. We would also need to include finite size corrections to the sources by including higher order operators on the worldline that are allowed by the symmetries. The correspondence can be extended to charged, spinning sources. A further simplification of the results in this paper can be achieved by finding the analogous bi-adjoint scalar theory [15, 44, 45] , the double copy of whose solution would produce the Yang-Mills radiation calculated here. A different approach to simplifying the perturbative expansion of the EinsteinHilbert Lagrangian is by direct factorization of the action [46, 47] . It would be interesting to see if it is related to the classical double copy as described here. Another direction for future research is to explore the class of solutions of Einstein's equations that can be generated by this correspondence. Finally, the theoretical significance of the classical double copy for Einstein's general relativity remains an exciting and open question.
